Abstract. We consider a two-dimensional geometrically frustrated integer-spin Heisenberg system that admits an exact ground state. The system corresponds to a decorated square lattice with two coupling constants J1 and J2, and it can be understood as a generalized Shastry-Sutherland model. Main elements of the spin model are suitably coupled antiferromagnetic spin trimers with integer spin quantum numbers s and their ground state Φ will be the product state of the local singlet ground states of the trimers.
Introduction
The concept of frustration plays an important role in the search for novel quantum states of condensed matter, see, e.g., [1, 2, 3, 4, 5] . The investigation of frustrating quantum
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Johannes.Richter@Physik.Uni-Magdeburg.DE spin systems is a challenging task. Exact statements about the properties of quantum spin system are known only in exceptional cases. The simplest known exact eigenstate is the fully polarized ferromagnetic state. Furthermore the one-and two-magnon excitations above the fully polarized ferromagnetic state also can be calculated exactly, see, e.g., [6, 7, 8, 9 ]. An example for non-trivial eigenstates is Bethe's famous solution for the one-dimensional (1D) Heisenberg antiferromagnet (HAFM) [10] . The investigation of strongly frustrated magnetic systems surprisingly led to the discovery of several new exact eigenstates. Some of the eigenstates found for frustrated quantum magnets are of quite simple nature and for several physical quantities, e.g., the spin correlation functions, analytical expressions can be found. Hence such exact eigenstates may play an important role either as groundstates of real quantum magnets or at least as groundstates of idealized models which can be used as reference states for more complex quantum spin systems. A well-known class of exact eigenstates are dimerized singlet states, where a direct product of pair singlet states is an eigenstate of the quantum spin system. Such states become groundstates for certain values/regions of frustration. The most prominent examples are the Majumdar-Gosh state of the 1D J 1 − J 2 spinhalf HAFM [11] and the orthogonal dimer state of the Shastry-Sutherland model, see, e.g., [12, 13, 14, 15, 16, 17] .
Many other frustrated spin models in one, two or three dimensions are known which have also dimer-singlet product states as groundstates, see, e.g., [18, 19, 20, 21, 22] . A systematic investigation of systems with dimerized eigenstates can be found in [23] . Note that these dimer-singlet product groundstates have gapped magnetic excitations and lead therefore to a plateau in the magnetization at m = 0. Recently it has been demonstrated for the 1D counterpart of the Shastry-Sutherland model [19, 21, 22] , that more general product eigenstates containing chain fragments of finite length can lead to an infinite series of magnetization plateaus [22] .
Other examples of product ground states are singlespin product states of 1D XYZ model [24] and the the highly degenerate ground-state manifold of localized-magnon states found for antiferromagnetic quantum spin systems on various frustrated lattices [25] . Finally, we mention the so-called central-spin model or Heisenberg star where also exact statements on the groundstate are known [26] .
Although, at first glance such singlet-product states seem to exist only for 'exotic' lattice models, it turned out that such models are not only a playground of theoreticians but may become relevant for experimental research. The most prominent example is the above mentioned Shastry-Sutherland model introduced in 1981 [12] for which only in 1999 the corresponding quasi-two-dimensional compound SrCu 2 (BO 3 ) 2 was found [27, 28] . Other examples are the quasi-1D spin-Peierls compound CuGeO 3 , see, e.g., [29] , or the star-lattice compound [Fe 3 [30, 31] In the present paper we combine the ideas of Shastry and Sutherland [12] and our recent findings on exact trimerized singlet product ground states (TSPGS's) for 1D integer-spin Heisenberg systems [32] and discuss such TSPGS's on a two-dimensional modified ShastrySutherland square-lattice model. Section 2 shortly recapitulates the theory of TSPGS's and section 3 defines the modified Shastry-Sutherland model and its finite realizations that will be analyzed in what follows. We have concentrated in our numerical studies on the size of the gap for the exact ground state for finite lattices of N = 12 (for spin quantum numbers s = 1, s = 2), as well as N = 18 and N = 24 (for s = 1) and on the magnetization curves for selected values of J 2 , see section 4.1. The analytical results in section 4.2 mainly concern upper and lower bounds of the gap function. These results depend on a slightly generalized statement and proof of the gap theorem, first formulated in [32] , which is done in appendix A. Finally, appendix B contains exact results on classical magnetization curves for the model under consideration.
Exact ground states
The anti-ferromagnetic uniform spin trimer
has, for J > 0 and integer s, a unique S = 0 ground state, denoted by [0, 1, 2], with ground state energy
The corresponding product state
will be an eigenstate of a system of N coupled spin trimers indexed by i = 1, . . . , N with Hamiltonian
if and only if the coupling between different trimers is "balanced" in the following sense: for all 1 ≤ i < j ≤ N and δ, ǫ = 0, 1, 2, see [32] . Moreover, (3) will be a ground state of (4), a TSPGS, if the intratrimer coupling is almost uniform and the inter-trimer coupling is not too strong [32] . The domain of coupling constants where this is the case will be called the "TSPGSregion".
If the system of trimers has a periodic lattice structure, the difference ∆E between the energy of the first excited state and that of the ground state can be shown [32] to be bounded from below independently of the system size.
In other words, the TSPGS is "gapped". and N = 18 sites used for exact diagonalization.
The model
We consider the inter-spin Heisenberg Hamiltonian on a 
Results

Numerical results
In what follows we set According to [32] the TSPGS is gapped. Hence we use the spin gap, see figure 3 , to detect the critical points J 
It is well known that the magnetization curve of the Shastry-Sutherland model (as well as that of the corresponding material SrCu 2 (BO 3 ) 2 ) possesses a series of plateaus, see, e.g., [27, 33, 34, 35] . Motivated by this, we study now briefly the magnetization curve M (h) (where M is the total magnetization and h is the strength of the ex- model the plateau at m = 1/3 survives in the classical limit for J 2 < 0 as we will show in appendix B.
Analytical results
s = 1
In order to obtain analytical results about the TSPGS- 
H 6 is obtained as a special case of equation (7) given below. This yields the corresponding bounds for the TSPGS-
The function δ 6 E = f (J) according to (7) 
General s
It is possible to analytically calculate the energy of the lowest excitations of H 6 for general integer s. The corresponding gap δ 6 E = x = f (J) is obtained as the lowest root of the following cubic equation
where we have set r ≡ s(s+1). From this result one derives the lower bound
and a lattice of arbitrary size, see theorem 1 in appendix A adapted to the system under consideration. The corresponding curves are shrinking in J-direction with increasing s and yield inner bounds for the TSPGS-region (J c1 , J c2 ) of the form
see figure 8 (green curves). Upon scaling w. r. t. the new variable j ≡ √ rJ the graphs of (7) asymptotically approach the curve given by
with Taylor expansion
see figure 6. Hence J obtained from Eq. (7). The curves approach the asymptotic (10) for s → ∞ (thick red curve) which has a simple quadratic approximation (11) (thick green curve). 
The φ n live in the (2s+1) 3 -dimensional Hilbert spaces belonging to one of the three triangles. φ 0 = [0, 1, 2] denotes the TSPGS of the corresponding triangle and
where s 
Again, the function g belongs to the lowest branch of (15).
The corresponding curves are shrinking in J-direction with increasing s and yield outer bounds for the TSPGS-region
see figure 8 (red curves). Upon scaling w. r. t. the new variable j ≡ √ rJ the graphs of (15) asymptotically approach the curve given by
with Taylor expansion for s = 1, . . . , 10 of the form J
U . These are derived from (7) (green curves, inner bounds) and (15) (red curves, outer bounds). In the classical limit s → ∞ the TSPGS-region shrinks to zero according to (12) and (19) . The numerically determined gap together with the bounds (8) and (20) is represented in figure 3 b.
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A Proof of the gap theorem
In order to prove the existence of an energy gap between the TSPGS and the first excited state we will adapt the analogous proof given in [32] to the modified Shastry--Sutherland model considered in this article. The gap theorem will be formulated in a slightly more general framework.
For any positive integer ℓ let Z ℓ denote the set of integers modulo ℓ, such that n + ℓ ≡ n, and
We consider an index set L on which the additive group Z L operates effectively, i. e. without fixed points except for the neutral element. Let c be the number of corresponding equivalence classes (orbits), c = |L/Z L |. Each orbit is isomorphic to Z L ; if we select an index from each orbit we obtain a bijection ϕ : {1, . . . , c} × Z L −→ L which we call a "(global) trivialization" in analogy with the corresponding term in the theory of fibre bundles.
We will fix τ different trivializations W. r. t. these trivializations the total Hilbert space can be written as a tensor product space in the following form:
= k∈ZL ℓ=1,...,c
We will also write
We will explain these definitions in the case of the modified Shastry-Sutherland model in the finite realization of figure 1. It is a d = 2-dimensional lattice with Returning to the general case we will identify all factor spaces belonging to subsystems of the same type by means of a certain product basis {|γ }, γ : 
The T m , m ∈ Z L form the abelian translation group T whose characters are of the well-known form
where
The total Hamiltonian H is assumed to be a sum of subHamiltonians of the form
where H ν,k is defined on the "supporting factor space"
H ν,k , see (26) , and extended as the identity operator on the remaining factor spaces to the total space H. Of course, it suffices to postulate this only for H ν = H ν,0 .
As a consequence of (31) we note that total Hamiltonian will commute with all translations:
Moreover, we assume the following:
is a ground state of H ν for all ν = 1, . . . , τ which is unique on the factor space H ν,0 . We set
and denote by
the next-lowest energy eigenvalue of H ν . Moreover, Φ is assumed to be invariant under translations,
Then the gap theorem can be formulated as follows.
Theorem 1 Under the preceding definitions and assumptions Φ will be the unique ground state of H with eigen-
and the next-lowest eigenvalue
The existence of a gap follows since τ ν=1 δ ν > 0 is independent of the size N of the lattice. In the special but important case where all H ν , ν = 1, . . . , τ are unitarily equivalent, we write E (1) = E (0) + δ and concludẽ
follows immediately from assumption 1 and the fact that, due to 36, Φ is also a ground state of all H ν,k with the
ν being an obvious lower bound of H.
Let Ψ ∈ H be the eigenvector of H belonging to the nextlowest eigenvaluesẼ 1 ≥Ẽ 0 . We first note that Ψ ⊥ Φ follows in the caseẼ 1 >Ẽ 0 and can be arranged in the caseẼ 1 =Ẽ 0 (which we cannot exclude from the outset)
by choice of Ψ . Moreover, due to (32) we may choose Ψ to be a common eigenvector of all translations,
where χ(T m ) is of the form (29).
Our aim is to showẼ 1 ≥Ẽ 0 + 
Then we concludẽ
Lemma 1 
The first sum s 0 in (47) runs through all sequences 0, . . . , 0, n c+1 , n c+2 , . . . excluding the value n c+1 = n c+2 = . . . = 0, since Ψ |Φ = 0. Equivalently, we will say that it runs through all states ψ = |0, . . . , 0, n c+1 , n c+2 , . . . ∈ B 0 .
The second sum s 1 in (48) runs through all sequences n 1 , n 2 , . . . except those with n 1 = n 2 = . . . = n c = 0, or, equivalently, through all states ψ = |n 1 , n 2 , . . . ∈ B 1 .
Thus the total sum in (47,48) runs through an orthonormal basis B = B 0 ∪ B 1 of H ′ ≡ {ψ ∈ H| ψ|Φ = 0}.
We consider on B the equivalence relation ψ 1 ∼ ψ 2 ⇔ ψ 1 = T m ψ 2 for some T m ∈ T , and denote by Λ = B/ ∼ the corresponding set of equivalence classes or "orbits".
Due to (37) all states ψ in the same orbit λ yield the same value
For each orbit λ ∈ Λ let N λ ≡ |λ| denote its length. 
Let ψ = |n 1 , n 2 , n 3 , n 4 , . . . ∈ λ. Note that at least one n j , 1 ≤ j ≤ cN must be non-zero since ψ = Φ = |0, 0, . . . , 0 . Hence at least one translation of ψ belongs to B 1 , namely that where j is shifted to one of the first c places. To show this in detail we write 
λ∈Λ t λ = 0 is impossible since it would imply that t λ = 0 for all λ ∈ Λ and hence 1 = s 0 + s 1 = 0.
From (55) we infer
and
which concludes the proof of the lemma. ⊓ ⊔
To complete the proof of theorem 1 we use again the eigenbasis of H ν,k and write
Then we rewrite (44) as
where we have used (58) which is equivalent to lemma 1.
⊓ ⊔
In order to apply the gap theorem to the modified Shastry-Sutherland lattice we write for the energies of the subsystems H ν,k
This has the consequence that the total Hamiltonian will correspond to the coupling constants J 1 = 1 and J 2 since each triangle is contained in four different subsystems, see figure 9 . Since δ is a homogeneous function of J 1 , J 2 ,
i. e. δ(αJ 1 , αJ 2 ) = α δ(J 1 , J 2 ), we may write δ( 
Thus the lower bound of the gap is simply obtained by shrinking the graph of the gap function δ(1, J 2 ) of H 6 into J 2 -direction by a factor 4.
B Classical ground states
It follows from the general theory [32] as well as from our special results (10) and ( [25, 37, 38, 39] . An exception to this rule is, e. g., reported in [40] . Hence it is remarkable that the classical modified Shastry-Sutherland model possesses a plateau at a magnetization of M = 
denote its total spin. ∆ µ is uniformly coupled to two adjacent sites which belong to neighboring triangles with strength J 2 . As usual, we write the Zeeman term in the
where h is the strength of the (dimensionsless) magnetic field. We will confine ourselves to the ferromagnetic case J 2 < 0, which shows the most interesting features. In the AF case J 2 > 0 the magnetization curves are almost linear until they reach the saturation domain.
As one can see in figure 10 
Ground states of phase II live in the domain 0 < M < 
which depend on a parameter φ, whereas
Upon a translation from, say, the triangle (0, 7, 16) to (4, 9, 19) , see figure 1 , the azimuthal angles (69) and (70) are shifted by an amount of − Actually, the phase boundaries, displayed in figure 10 by thick lines, can be given in closed form. We will write J = −J 2 and remind the reader of J 1 = 1 and ℓ = figure 10) consists of three parts, the phase II part
the phase III part
and a jump at J = The saturation field h sat (J) (thick green curve in figure   10 ) is given by
The value h sat (0) = 3 is part of the linear magnetization curve for J 2 = 0 (thick black line in figure 10 ) M (h) = ℓ h which corresponds to the magnetization of a uniform AF triangle.
The two boundaries (73) and (74) meet at the point h = 0, J = 
Obviously, the graphs of h II and h III intersect at the two points J = 0, h = 1 and J = 1 2 , h = 0.
